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Abstract 

Affine deformations serve as basic examples in the continuum me¬ 
chanics of deformable 3-dimensional bodies (referred as homogeneous 
deformations). They preserve parallelism and are often used as an ap¬ 
proximation to general deformations. However, when the deformable 
body is a membrane, a shell or an interface modeled by a surface, the 
parallelism is defined by the affine connection of this surface. In this 
work we study the infinitesimally affine time - dependent deformations 
(motions) after establishing formulas for the variation of the connec¬ 
tion, but in the more general context of hypersurfaces of a Riemannian 
manifold. We prove certain equivalent formulas expressing the vari¬ 
ation of the connection in terms of geometrical quantities related to 
the variation of the metric, as expected, or in terms of mechanical 
quantities related to the kinematics of the moving continuum. The 
latter is achieved using an adapted version of polar decomposition the¬ 
orem, frequently used in continuum mechanics to analyze the motion. 

Also, we apply our results to special motions like tangential and nor¬ 
mal motions. Further, we find necessary and sufficient conditions for 
this variation to be zero (infinitesimal affine motions), giving insight 
on the form of the motions and the kind of hypersurfaces that allow 
such motions. Finally, we give some specific examples of mechanical 
interest which demonstrate motions that are infinitesimally affine but 
not infinitesimally isometric. 
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1 Introduction 


Affine or homogeneous motions of a 3-dimensional body moving in the 3- 
dimensional Euclidean space are important examples in continuum mechan¬ 
ics because they are simple enough, preserve parallel directions and can be 
used to approximate general motions. However, when the body is a mem¬ 
brane, a shell or an interface, modeled by a surface, and therefore having a 
non Euclidean structure, the parallelism is defined by the affine connection 
of the surface. Hence, motions preserving the affine connection and therefore 
parallelism, become important. In this work we study infinitesimally affine 
motions from a more general perspective, by considering an m-dimensional 
continuum modeled by a hypersurface, moving in an (m+l)-dimensional 
ambient space, modeled by a Riemannian manifold. Although it is expected 
that the variation of the affine connection must be related to the variation 
of the metric of the hypersurface, in this paper we prove exact formulas for 
this relation. We give formulas for the variation of the connection either 
in terms of quantities from continuum mechanics or in terms of geometrical 
quantities related to the variation of the metric. These formulas are then 
used to state conditions for a motion in order to have zero variation of the 
connection (infinitesimal affine motion). The variation of an affine connec¬ 
tion has been studied before, either for specific ambient spaces, or specific 
motions, or from a purely geometric viewpoint m, 0 , Isa). In this work 
we use the most general motion as well as a general ambient space, and our 
formulas are given in a frame - independent way and are related to geometry 
or to continuum mechanics. Further, our results comply with to those in 
the above works for suitable ambient spaces or motions. 

In section 2 we review the main facts for the geometry of a hypersurface. 
In section 3 we present some basic concepts of the continuum mechanics 
related to a version of the polar decomposition theorem for moving hyper¬ 
surfaces. In section 4 we define the notion of the variation of the connection. 
In section 5 we derive two types of formulae for the variation of the connec¬ 
tion. The first type expresses the variation using the kinematical quantity of 
stretching which is essentially the variation of the metric and it is related to 
the symmetric part of the velocity gradient. The second type uses the sec¬ 
ond fundamental form of the hypersurface. It is shown that a hypersurface 
can undergo an infinitesimally affine motion if and only if the stretching of 
the motion, equivalently the variation of the metric, is covariantly constant 
(parallel). This fact imposes a restriction for the hypersurface in order to 
admit a parallel symmetric tensor field ([8], [20]). We also study the case 
of tangential motion in which the velocity of the motion is tangent to the 
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hypersurface and the normal motion in which the velocity is along the nor¬ 
mal to the hypersurface. We prove that in the particular case of normal 
motion in which the hypersurface is moving parallel to itself, the variation 
of the connection is explicitly given by the covariant derivative of the sec¬ 
ond fundamental form. This fact imposes a strong restriction on the kind 
of hypersurface admitting an infinitesimally affine and parallel to itself mo¬ 
tion. In section 6 we use the well known case of parallel hypersurfaces in a 
Euclidean space, in order to give an example of explicit calculation of the 
variation of the connection. Also we give two examples of mechanical inter¬ 
est in which although the metric varies, the motion is infinitesimally affine: 
The first example is a model for spherical balloon expanding by blowing 
in air (homothetically expanding sphere) and another one of unrolling and 
stretching a piece of cylindrical shell. 

This work contributes to the general study of the variation of the intrin¬ 
sic and extrinsic geometry of a hypersurface, m,m) and it is an attempt 
towards a rational and coordinate-free description of the kinematics of con- 
tinua (see also m, ns, m and Truesdell [19j). For this purpose we use 
an adapted version of the polar decomposition theorem introduced in [fl] . 
The deformation of hypersurfaces has many applications in continuum me¬ 
chanics, as in the description of shells and membranes, material surfaces, 
interfaces ( m, 0), thin rods constrained on surfaces m and wavefronts, 
as well as in the theory of relativity [5]. Additionally, the use of differen¬ 
tiable manifolds and Riemann spaces in continuum mechanics (fl6j. 0, 0) 
gives a better understanding of the concepts of continuum mechanics as well 
as allows the description of more complex situations ([23], 2jj}. Finally, the 
subject has also been studied in Differential Geometry m, m, m- 

2 The geometry of a hypersurface 

e consider an (m + 1) - dimensional Riemannian manifold N and an m - 
dimensional, oriented, differentiable hypesurface M of IV and its canonical 
embedding j : M ^ N, writing j(M) = M C N. We denote by g, V, R 
the metric tensor, the associated Levi Civita connection and the Riemann 
curvature respectively of the ambient manifold N, while g , V and R are 
denoting the corresponding geometrical quantities on the hypersurface M. 
For each X € M let Jx = djx ■ T\M —> T^ X )N be the differential of j at 
X. The sets of vector fields on M and N are denoted by X(A1) and X(N) 
respectively, and X(M) is the set of vector fields defined on M with values 
on the tangent bundle of the ambient manifold N (also called vector fields 


3 


along M). If u E X(M), then u = Ju E X(M), while if u E X (N) we may 
define its restriction to M by w = u o j E X(M). Similarly, for a vector 
field w E X[M) one can define an extension of it w E X(N) as a vector 
field w such that wo j = w. Extensions are not unique but their existence is 
guaranteed. In what follows we assume that the fields along M are already 
extended to fields on N. For the Lie bracket we have ([2T], p. 88) that if 
X(M), and Ju , Jv are extended to fields on N, then 

J[u,v\ = [Ju, Jv]. (2-1) 

A unit normal vector field n E X(M) of the oriented hypersurface satisfies: 

g(n,n) = 1, g(Ju,n) = 0, u&X(M). (2-2) 

The induced metric tensor field g on M (first fundamental form ) is given 
by: 

g[u,v) = g(Ju, Jv), Vu, v£X(M). (2-3) 

For each X E M we have the decomposition Tj( X )N = Jx(T\M) © N x , 
where N x = span{n x } is the one dimensional subspace of Tj( X )N generated 
by the unit normal n x at X. For any W E Tj^N the normal projection 
(projection along n) is the map 

7T X : T j{x) N —» T j{x) N, tt x (W) = W - g(W, n)n. (2.4) 

Since vt.y(IF) E T^ X ^M, it is the image under J x of a vector w E T X M, that 
is, T\ X {W) = J x w. Thus we can define the projection: V x : Tjt X }N — > 
T X M, V X W = w. We call w the projection of W to T X M. Then it can be 
shown that: 


JxP x = nx ■ Tj(x) N Tj(x) N , (2.5) 

V X J X = I x : T x M -> T X M, (2.6) 

V x n x = 0. (2.7) 

The induced metric g on M gives rise to the associated Levi-Civita connec¬ 
tion V on M such that X7g = 0 and which is defined by (omitting the point 

X), 

X u w = VXj u Jw, vrV j u Jw = V j u Jw — g (V j u Jw,n) n V u,w E X(M). 

The shape operator or the Weingarten map is a symmetric linear map de¬ 
fined at each X E M by 

S x : T X M —> T X M, Sx'u = -VXj xU n. (2.8) 
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The second fundamental form and the third fundamental form are the sym¬ 
metric (0, 2) tensor fields on M defined respectively by: 


B(u,w) = g(Su,w) = g(n,V j w Ju). (2.9) 

III(u,w) = g{Su, Sw ) = B(Su, w). (2.10) 


The Gauss equation relates the connections V of the hypersurface and V of 
the ambient space: 

V j u Jw = JV u w + B(u, w)n = J\7 u w + g(Su, w)n. (2-11) 

The Riemannian curvature for the connection V is defined, for any pair of 
vector fields u, v £ X(M), as the linear map R(u,v) : X (M) —y X(M) such 
that: 

R(u, v)w = X7 u X7 v w - V v V u w - V [uM w. (2.12) 

Similarly R denotes the Riemann curvature tensor of the affine connection 
V of the ambient space and it is related to the curvature tensor of the 
hypersurface by means of the projection, i.e. 

VR(Ju, Jv)Jw = R(u,v)w + g(Su,w)Sv — g(Sv,w)Su, (2.13) 
R(Ju, Jv)n = J(y u Sv - X7 v Su). (2.14) 

Using the metric g we can associate a vector field u £ X(M) with a 1-form 
u ^ on M, a 1-form f with a vector field £ X(M), such that for each vector 
field v £ X(M): 

u\v) = g(u, v),g(^,v) = £(u). (2.15) 

The differential df of a smooth real function / has as associated vector field 
its gradient i.e. V/ = (df)K These operations are the usual operations of 
raising and lowering of indices. Extending them to tensor fields, for any 
linear map T : TxM —> T\M we have T^(u,v) = g(Tu,v). In particular 
the B = holds. Further, the operation of lowering indices commutes with 
the coavariant differentiation, that is: 

(V„T) b = V v T\ Vu £ X(M). (2.16) 

The Codazzi equation [Bj, in terms of the shape operator or the second 
fundamental form, takes for any u,v £ X(M), one of the following forms 
respectively: 

(y v S)u - ( V u S)v = VR(Ju, Jv)n, 

(V u B)(v,w) - (V v B)(u,w) = R\Ju, Jv, Jiu,n) j 
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3 Kinematics of a hypersurface 


For the kinematics of a hypersurface we use concepts from continuum me¬ 
chanics assuming that the continuum, or the material body, in question has 
a configuration M which is a hypersurface in a Riemannian manifold TV (the 
ambient space) and study deformations of the configuration M of the body. 
This situation may be physically motivated by assuming M is a surface 
(modelling a membrane) moving in three dimensional Euclidean space or a 
material curve moving on a surface TV. The points X E M are referred to 
as material points. 

Definition 1. We call a deformation of a hypersurface M in the Rieman¬ 
nian manifold N an embedding 

(f): M 3 X —> x = <f>(X) G N (3.1) 

of M in N. We call M = <j>(M) the deformed hypersurface. 

We denote by (f : M -3 M the induced diffeomorphism between M and 
M . If j : M -3 N is the canonical embedding of M in TV. then <f = j o cf. 
Considering the differentials F(X), F(X), J x , of (f, (f and j, respectively, 
we have that: 

F(X) = J x F(X). (3.2) 

The linear map F(X) is called in continuum mechanics the deformation 
gradient at X. 

Definition 2. A motion of a hypersurface M in a Riemannian manifold N 
is a 1-parameter family of embeddings (ft, t & I, where I is an open interval 
in M. Equivalently the motion is given by the map 

</>:MxI-*N,x = <f(X, t ) = (f t {X) € N (3.3) 

We denote by AR = the deformed hypersurface at time t. The 

mappings (ft. ■ M —> Mt , such that (ft = jt Q( ft ar e diffeomorphisms for each t. 
and (f(X,t) = jt(<f(X,t)). The differential of (f at X is denoted by F(X,t ) : 
TxM -3 T x M t . The map jt : AR ~3 N is the canonical embedding at time t 
of the hypersurface Mt having differential Jt(x) = djt(x) : T x Mt. —> Tj/ X \N. 
The velocity of the material point X at time t. is the velocity V ( X , t) of the 
curve (fx '■ R — > TV, (f x (t) = (f{X, t) i.e. 

V(X,t) = -^(f x (t). 
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The velocity field of the motion is the map V(-,t) : M —> TN, i.e V £ X (M). 
We often write V(X,t) = ^fi(X,t). The spatial velocity at the point x = 
fi(X,t ) is the vector field v(-,t) : M t — > TN, given by, 

v(x,t)=V(4>t 1 (x),t ) i.e. v(fi(X,t),t) = V(X,t). (3.4) 

We now define the velocity gradient of the motion as the map, 

G(x) : T x M t ->• Tj( x )N, G(x)u = V Ju v = Vv(Ju). (3.5) 

It is useful, rather than using the motion fit, to use the map fit(-,r) : 
Mt —> N representing the deformation from the present configuration Mt to 
a future one at time r and such that: 

= fi t (fi(X,t),T). (3.6) 

Assuming that the points X or x are implied from the definition of the maps 
involved, we may omit them. The trajectory of the point x € Mt is given 
by the mapping 


fit(x):R-+N, fi t (x)(T) = fit(x,r) £ N, fi t (x,t) = j t (x). (3.7) 

It can be shown that the spatial velocity defined by ( |3.4[ ) is the vector field 
associated with fi t {.,r), i.e. 

v x(t) = ^\r=tfit{x,T). (3.8) 

We write F(r ), F{t), for the deformation gradients corresponding to 
the times r and t respectively, and Ft{r){xt) for the space differential of 
fit(-,T ) : M t —>■ N at x t = fi(X,t), i.e. 

Ft{r)(xt) = dfi t (x t ,r) : T Xt M t -t T Xt N, 


which we call the relative deformation gradient. The time derivative of T)(t) 
is defined for each x £ Mt along the trajectory of x using the covariant 
derivative of the ambient space m, pg. 50) by 


J^|r =tFt{r) ) u = X v F t {r)u. 


(3.9) 


By interchanging space differential and time derivatives and using (3.8), 
equation (3.9) can be written 


Gu = X v Ft{r)u. 


(3.10) 
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The polar decomposition theorem has a long history in continuum mechan¬ 
ics. Let E = N be a three dimensional Euclidean space, V its associated 
vector space and M an open region in E, representing the reference configu¬ 
ration of a material body. If </> : M —> E is a deformation of M, the theorem 
states that the deformation gradient F(X) : TxM = V —»• T^ X )N = V 
is decomposed uniquely as F(X) = R(X)U(X), where R and U are lin¬ 
ear maps of V, with U being symmetric and positive definite and R being 
orthogonal. Hence the deformation gradient F is decomposed into a pure de¬ 
formation followed by a rotation. If the body has codimension 1, then F(X) 
is a map between spaces having different dimensions and the last formula 
has been modified by C.-S. Man and H. Cohen [X3] to read: 

F(X) = R(X)J x U(X), 

where R(X) : V —> V is an orthogonal linear map, U{X) : T X M —y T X M 
is a linear symmetric and positive definite and J X = dj(X) : T X M —> V is 
the differential of the canonical embedding j : M E of the surface into 
the Euclidean ambient space. Then U 2 {X) = F*(X)F(X) = F*(X)*F(X), 
where F * is the adjoint of F relative to the metrics of the hypersurface 
and the ambient space. Also, the unit normal vector fields n(X) on the 
original surface at the point X and n(x) on the deformed surface at the 
point x = (j)(X), are related by: 

n(x) = R(X)n{X). (3.11) 

This theorem has been used in fl2] to derive formulae for the variation of 
geometrical quantities of a surface. Generalizing this to manifolds in P3I 
and by applying it to the relative deformation gradient F t (r) we get: 

F t (r) = R t (T)J t U t (r ), (3.12) 

where C'j(r) = U 2 (t ) = F£{r)Ft{r) : T x M t —> T x M t , Ut(r) being the relative 
right stretch tensor and Rt(r) : T Xt N —> T Xt N, with xt = jt{x) and x T = 
tpt(T)(x) being the relative rotation tensor. Further, the unit normal fields 
n(t) on Mt and n(r) on M T are related via the rotation Rt(r) by: 

n(r) = R t {r )n{t). (3.13) 


For t = r, we have 


F t (t) = J t , R t (t) = lT xt N, U t (t ) = Ir x Mf (3-14) 
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From (3.6) it follows that 


F{t) = F t (r )F(t) = F t (T)P t F(t). (3.15) 


For each x G Mf the stretching of the motion is given by: 


V(t) 


dU t (r) 

dr 


T=t - 


1 dC t (r) 

2 dr 


T=t 


: T x Mf —> T x M t . 


(3.16) 


Let u G X(M), then Ju G X(M) and we define a vector field u G X(N) by 
setting: 


u(4> t {r)(x)) = F t (T)u(x) = u t {r)(x), (3.17) 

then 


u{^t(t)(x)) = u(j(x )) = Ju. 
Since u is defined by the motion itself: 

[v, u] = 0. 


(3.18) 


(3.19) 


Using (3.8) it follows that m, p.50) the covariant derivative along the tra¬ 
jectory of x G M t is 

^ _ du t (r) 


\7 v u = 


dr 


r=t{x). 


(3.20) 


Therefore we have the following expressions for the velocity gradient: 

Gu = Vj n t> = \7uV = V v u. (3-21) 


Similarly the time derivative of the tensor field Rt(r) is defined for each 
x G M t along the trajectory of x, by 

W(t) = \ r=t = W v Rt{r) | i(a!) : T j(x) N -)■ T j{x) N. (3.22) 

Some of the basic relations between the above kinematical quantities are 
summarized in the following lemma proved in Pi- 

Lemma 3. For a fixed time t, let 4>t( r ) be a relative motion of the hyper¬ 
surface Mf in the Riemannian manifold N with velocity vector field v which 
splits into tangential and normal parts as: v = U|| +v n n = Jv^ +v n n, where 
vU G X(M t ). Then: 

G = JV + WJ, VG = V + VWJ = Vu 11 - v n S (3.23) 

2V = Vu 11 + Vv 11 * - 2v n S, (3.24) 

£ v \\9 = 2V b + 2 v n B = (Vu 11 + VuH*) b . (3.25) 
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4 The notion of variation 

In |T3] we have defined a r - dependent geometry on the instantaneous hy¬ 
persurface Mf by pulling back on Mf the geometry of M r . using the motion. 
Using this procedure we have defined the r - dependent metric tensor and 
the r-dependent shape operator S)(t) : 

g t (r)(u,w) =g(F t (T)u, F t (r)w) (4.1) 

F t {T)S t (r)u = -V Ft ( T ) u ra(r); (4.2) 

The r - dependent Levi - Civita connection Vt(r) on Mf, is defined in a 
similar way by using the motion ^t(r): 

Ft(r)V t (T) u w = V Ft ( T)u F t (T)w - g (V F ^ T ) u F t (r)w, n(r)) n(r), (4.3) 

One can show, using typical arguments, that this connection is actually the 
unique symmetric connection compatible with the pulled-back metric gtij)- 
This means that the r - dependent Levi - Civita connection is equivalently 
given by the r - dependent metric tensor from the formula ([6], p. 50) 

2 9t{r)(y t (r)(u,w),z ) = ugt(r)(w,z ) +wg t {r){u,z) - zg t {r){u,w) 

~ 9t(r)(u, [w, z\) + g t {r)(w, [z, u]) + g t (r){z, [u, w]). 

(4.4) 

Since V*(r) and Vt(f) = V(t) are both defined on M t it makes sense to 
consider the time rate 

{6V)(u,w) = I T=t ( u ,w) = lim T _^ —{V t (r)(u,w) - V t (t)(u,w)} . 

OT T — t 

(4.5) 

Since the difference of the two connections Vt(r) — V*(i) at any point is a 
tensor field of type (1,2), the variation <5V is a tensor of the same order. 
The following variation formulas for the metric tensor field and the unit 
normal vector field have been proved in m- 

Sg = -2v n B + £ v wg = 2V\ 5n = Wn = -JSv ]] - J\7v n (4.6) 

5 Variation of the Levi - Civita connection of a 
moving hypersurface. 

In this section we present the main results of this paper. We need the 
following lemma 


10 




Lemma 4. Consider the extentions u, w of u, w which are defined by the 
motion with velocity v and satisfying (3. 11), (3. 18) and (3.19 | ). Then: 

d _ __ _ _ _ _ 

T^\ r=t VFt(T)u F t{T~)w = V v VuW = R{v, Ju)w + V Ju Gw. (5.1) 

Proof. Since time derivatives along the motion are covariant derivatives in 
the direction of the velocity vector field we have that: 

r=t^ F t ( T )u F t(r)w = V v Vuiu = R(v,u)w + 

= R(v, u)w + Vu^vW, 

Using the relations (3.17),(3.18), ( 3. 19[ ) and (3.5) as well as the relations 
V„uJ = Vyjv + [u,th] = V j w v = Gw 


and 


R(v, u)w = R(v, Ju)w, 


formula (5.1) follows. 


B 


Proposition 5. For any u,w € X(M) and their extensions u,w € X(N), 
the variation of the Levi - Civita connection of a hypersurface M moving in 
a Riemannian manifold N with velocity v is given by the following equivalent 
expressions: 


(SV)(u, w ) = —VG\7 u w + PV j u Gw — B(u, w)VWn + VR(v, Ju)w , (5.2) 


(SV(u, w)) b (z ) = —2 V^(V u w, z) + u(T>^(w, z)) + w(T>^(u, z)) — z(v\u, w)) 
- V b (u, [w,z ]) +V 9 {w , [z,u]) +V b (z, [u,w]). (5.3) 

g(SV(u,w),z) = g{(V u T>)w, z) + p((V w V)u, z) - g((V z V)u,w). (5.4) 

Proof. The first formula is proved using the definition (4.3) and lemma Q. 
We have: 

d d _ 

7^1 T=tFt(T)V F t (r)u F t(T)w = —\T=t^ F t (r)u F t(r)w 


dr 

d 


- of \ T =t {9 (V Ft (r)u F t(r)w,n(T )) n(r)} 
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hence 


GS7 u w + J(<5V)(u, w ) = R(v, u)w + VuGw 

- (^\r=t^ F t (r)u F t{r)w,n(t) \ + g (V Ft{T)u F t (r)w , 8n) 

-g(VuW,n(T))5n. (5.5) 

Applying the projection Vt on M% on the last relation we get J& 

Formula (5.3) is an immediate consequence of ( |4.4[ )and ( |4.6 ). To prove 
(5.4) we observe that the terms involved in equation ( |5.3[ ) can be further 
decomposed as follows: 


-2 g(V\7 u w,z) = -g(W u w,z ) - g(W u w,z), (i) 

u(g(Vw , z)) = g((V u T>)w , z) + g(VX7 u w, z ) + g{Vw , V u z), (ii) 
w(g(Vu , z)) = g((V w V)u , z) + g(W w u , z) + g(Vu , V TO z) (iii) 
-zg(Vu, w) = -g{{V z V)u, w) - g(W z u, w) - g{Du , V*u;) (iv) 
- g(T>u, [ru, z]) = - g{Vu , V^z) + g(Vu, V z w) (v) 
g(Pw, [z, u]) = V^u) - g(Vw, V u z), (vi) 

5 (Pz, [it, w]) = ff(T>z, - 5 (Pz, V w u), (vii) 


Using the g - symmetry of the rate of deformation T> and adding the terms 
of the relations (i) -(vii) we derive (5.4). □ 


The next formula gives the variation of the connection in terms of geo¬ 
metrical quantities. 


Proposition 6. For any u,w E X(M) and their extensions u,w £ X(N), 
the variation of the Levi - Civita connection of a hypersurface moving with 
velocity field v = Jv^ + v n n, is given by the formula: 


(5V)(u, w) = -v n (y u S)w - {w(v n )Su + u(y n )Sw} + B(u, w)Vv n 

+ v n VR(n, Ju)w + (£ v \\V) u w. (5.6) 


Proof. We start by decomposing each term of (5.2) using (2.13), (2.14) and 
( |3(23l ): 

-VGV U W = VnSVuW - = v n SV u w - V„n V u w - [V u w, vll] 

= v n SV u w + [u 11 , V u w] - V[„n jtt ]W ~ V u V„nu; - R(v^,u)w, 

(5.7) 
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VVjuGw = \7 u VGvj — (B(v'',w) + w(v n ))Su 

= —v n V u Sw — u{v n )Sw — w(v n )Su + — g(Sv^,w)Su, 

(5.8) 


—B(u, w)VWn = B{u , w)\7v n + g(Su, w)Sv" 


(5.9) 


VR(v, Ju)w = v n VR(n, Ju)w + VR{Jv'\ Ju)w 

= v n VR(n, Ju)w + R(v ^ u)w + g(Sv^,w)Su — g(Su, w)Sv^. 

(5.10) 


therefore (5.2) becomes 


(■8 V)(u,w ) = v n S\7 u w + [u 11 , \7 u w] - V[„h jU ]U; - \7 u \7 v \\w - R(v^,u)w 
— v n \7 u Sw — u{y n )Sw — w(v n )Su + — g(Sv^ ,w)Su 

+ B(u, w)Vv n + g(Su, w)Sv^ + v n VR(n , Ju)w + R(v^,u)w 
+ g(Sv^ ,w)Su — g(Su , io)5v^ 

= -v n (y u S)w - {u(v n )Sw + w{y n )Su} + B(u, w)Vv n 
+ v n VR(n, Ju)w+ - V u V„n«; 

— R(v^,u)w + + R(v^,u)w (5-H) 

which reduces to: 

(8V)(u, w) = —v n (V u S)w - {w(v n )Su + u(v n )Sw} + B(u, w)Vv n 

+ v n VR(n, Ju)w + [w^V^k;] - V^n^ie - V^r 11 , w\. (5.12) 

Since the Lie derivative of the connection V is given by (|21|) 

(^llV)(«,u;) = [u 11 , V u w] - V [ v \\ jU ]W - (5.13) 

□ 


we finally get (5.6) 


Since covariant derivative commutes with the index lowering operation, 
we get the following: 


Corollary 7. Formula (5-4) can be written in the equivalent form: 
g((5'S7)(u, w),z) = (v u D b ) (w,z) + (v w V^ ( u,z ) - (V,P b ) (u,w) 


(5.14) 
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Similarly to the concept of an infinitesimal isometry ( 5g = 0) we define 
the following concept: 

Definition 8. We say that a motion fair) of a hypersurface M is infinites¬ 
imally affine, if 5S7 = 0. 

We now give a necessary and sufficient condition in order that a motion 
is infinitesimally affine. 


Proposition 9. A motion is infinitesimally affine if and only if V U P = 0, 
for any u E X{Mf). 


Proof. Let '\7 v fD = 0 for any u E X{Mf), then the righthand side of (5.4) is 
zero therefore <5V = 0. 

Let us now assume that <5V = 0, then the right hand side of (5.4) is zero for 
any u,w,z E X(Mf), hence: 


g({V u V)w, z ) + g((V w V)u, z ) - g({y z V)u , w) = 0 (i) 

Permutating cyclically u,w,z E X(Mf) we get the two relations: 

g((6V)(w, z),u) = g((V w V)z, u) + g((V z V)w, u) - g((V u V)w, z) (ii) 
g((6W)(z, u), w) = g((V z V)u, w ) + g((V u V)z, w) - g((V w V)u, z) (iii) 

Using the g - symmetry of V U P, Vu E X (Mf ) and subtracting (iii) from the 
sum of (i) and (iii), we get: 

2£f((V u L ) )'W, z) - {. g((V w T>)z , u) + g((V z V)w, u) - g((V u V)z, w)} = 0. 
But from (ii) the expression in the bracket is zero, therefore 


g((X7 u V)w,z) = 0, 


for any u,w,z E X(M t ). 


D 


Hypersurfaces admitting a parallel second order tensor field have been 
studied before (0, m)- Further, from formula ( |4.6[ ) and the fact that the 
covariant derivative commutes with the index lowering operation we get: 


Corollary 10. A motion is infinitesimally affine if and only if the stretching 
T) 9 , equivalently the variation of the metric 5g, is parallel. 


Next we examine some special motions. 

If the motion is tangential (v = Jv^) then dV = £ v \\ V, hence we have 
the condition for the affine Killing fields (|2T], p. 24): 
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Corollary 11. A tangential motion of M is infinitesimally affine if and 
only if its velocity field is an affine Killing field. 


For a normal motion (v = v n n) formula ( 3.24 ) impli es t hat T> = —v n S, 
i.e. T)' > = —v n B. Therefore the formulas (5.4) and (5.6) reduce to the 
following: 

Corollary 12. For a normal motion the variation of the connection is given 
by: 

g((6\7)(u, w), z) = - {fiJ u v n B) (w, z) - ( \7 w v n B) ( u, z) + (V z v n B) (u, w) 

(5.15) 

g((SV)(u, w), z) = -v n {(’ V u B)(w, z) + ( V w B)(u , z) - (V z B)(u, re)} 

+ {u(v n )B(w, z) + w(y n )B(u , z) - z(v n )B(u, w)} . (5.16) 


An immediate consequence of (5.15) is the following known relation be¬ 
tween the velocity and the extrinsic geometry of the hypersurface (theorem 
4 in (7j and corollary 2 in [22j). 

Corollary 13. A necessary and sufficient condition for a normal motion to 
be infinitesimally affine is \7v n B = 0. 

If the ambient space is Euclidean (N = M m+1 ) then, using the equation 
of Codazzi, equation (5.16) reduces to 

g((SV)(u,w),z) = -v n (y u B)(w,z) 

+ {u(v n )B(w, z) + w(v n )B(u , z) - z(v n )B(u , w)} . (5.17) 

Remark 1. Parallel hypersurfaces in Euclidean space are produced by a 
special case of a normal motion in which v n does not depend on the position 
(Vv n = 0). In this case the hypersurface is moving along its normal the 
same distance at any point and parallel to itself. Then formula (5.11) reduces 
further to: 


(■ SV)(u,w ) = —v n (V u S)w. 


(5.18) 


An immediate consequence of (5.18) is the following: 


Corollary 14. In the parallel motion of a hypersurface in a Euclidean space, 
the affine connection is infinitesimally preserved if and only if the surface 
has parallel shape operator. 


Remark 2. The above corollary imposes a very strong restriction for the 
hypersurface in order to admit a motion parallel to itself and infinitesimally 
affine l20f . 
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6 Some examples 


In this section we show how the calculations of this work apply to specific 
cases. 


Example 15. Parallel hypersurfaces in Euclidean space: In the case of a 
hypersurface in an Euclidean space moving parallel to itself, we can have 
explicit forms of its kinematical and geometrical quantities. This allows us 
to directly calculate the variation of the connection either using its definition 
(4-3) or the compatibility condition (4-4) ■ 

Let M be an oriented hypersurface in R m+1 with unit normal field n. Sup¬ 
pose that M undergoes a parallel motion given by the mapping (f>tX T ) '■ —> 
R m+1 such that: 


M t )(p) = 3tip) + et(r)n(p), r > t (6.1) 

where et(r) is a differentiable real valued function of t and r with et(t) = 0. 
The velocity of the motion is v = v n n where v n = \ T =t- The deforma¬ 

tion gradient F t {r)(jp ) (differential o/^(r)(p)j, is given by: 


F t (r) = J(I - e t (r)S) 


( 6 . 2 ) 


All the kinematical quantities are derived from expression 


(see: flity). 


Using (3.16), (3.21), (3.23), (3.24) an d (4-1) > we 9 e t metric tensor, the 
velocity gradient, and the stretching of the motion: 


9 t{r ) = g(t) - 2et(r )B + e t (r) 2 /// (6.3) 

G(t) = —v n (t)JS(t) (6.4) 

V{t) = —v n (t)S(t), (6.5) 


where III is the third fundamental form of the hypersurface. The motion 
induces ar - dependent connection Vt(r) on M t given by (4-3) and satisfying 
the compatibility condition ( 4-4)■ Using this condition, the above expression 
for the t -depending metric, the Codazzi equation and the g - symmetry of 
S7xS, we get for any vector fields X, Y, Z e X(M): 


2 g(V t (r) Y X, Z) - 4e t (T)g(S(t)V t (r) Y X, Z) + e 2 t (r)g(S 2 (t)V t (r) Y X, Z) 

= 2 giXyX, Z) - 4 e t (r)g ((X Y S)X, Z) - 4e t (r)g(S(t)V Y X, Z) 

+ e 2 {r)Q{X,Y,Z) (6.6) 
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where the quantity Q(X,Y, Z) is given by: 

Q(x, Y , z) = g((y x S 2 )Y, Z) + g((X Y S 2 )X , Z) - g((X z S 2 )X, Y) 
+ g(2S 2 V Y X, Z). 


Taking the derivative on both sides of (6.6) with respect to r at r = t we get: 


2 g((SV)(Y,X),Z) = -2 v n g((V Y S)X,Z). (6.7) 


Since the relation m is valid for any choice of X,Y,Z € X(M) we get 
again formula (5.18). 


Example 16. Balloon expansion: We consider a spherical balloon expand¬ 
ing by blowing air in at the point O. We assume that this is modeled by 
a homothetic motion of the sphere Si : x 2 + y 2 + (z — l) 2 = 1 with ra¬ 
dius 1 and center at (0,0,1). We study its deformation under the affine 
map of the ambient space ( x,y,z ) —> t(x,y,z). This creates the homothetic 


Z 



Figure 1: Balloon expansion 

family of spheres St : x 2 + y 2 + (z — t) 2 = t 2 (see Figure 1 with one di¬ 
mension suppressed). Each of these spheres St is a result from a rotation 
around the z - axis of the circle Ct : x = 0, y 2 + (z — t ) 2 = t 2 . Using 
the polar angle v as a parameter we have the parametrization for this circle 
c(v) = (0, tsin2u, 2tsin 2 u). Thus we have the parametrization, of the sphere 
St at time t, or equivalently the motion: 

<f : S± —> R 3 , (j)(u,v,t ) = t (cosu sin2u, sintt sin2u, 2sin 2 u) , t > 1. (6.8) 


17 












This motion maps the point P at t = 1 to the point P(t) (Figure 1). 

Clearly j(u,v) = 4>(u,v, 1) = (cosit sin2u, simt sin2-y, 2sin 2 u) is the canonical 
injection of the original sphere and J = dj its differential. We consider the 
base on T p S\ consisting of the partial derivatives of j i.e. {ei = j u , 62 = j v } 
and the usual orthonormal basis {ei, 62 , 63 } in R 3 . Then, relative to these 
bases we have that the matrices of the linear maps J(u,v) = dj(u,v) and 
F(u,v,t ) = dcj>(u,v,t ) are: 


[J(u,v)] 


—simt sin2t> 2cos u cos2t> 
cos u sin2v 2siim cos2u 

0 2sin2'c 


[F(u,v)j = t 


—simi sin2t> 2cos u cos2u 
cos u sin2v 2siim cos2u 

0 2sin2'c 


t[J(u,v)}. 


(6.9) 


The metric g on the original sphere and the t - dependent metric on Si have 
matrices given by: 


[g(u,v)} 


sin 2 2u 0 
0 4 


\g t (u,v)\ = t 2 [g(u,v )] 


( 6 . 10 ) 


respectively. 

Using relation (4-6) one directly finds the stretching 




( 6 . 11 ) 


i.e. V 5 coincides with the metric and thus it is parallel. Since (V U V'°) = 
(’ V U V ) b it follows that V is parallel. 

Further, the non zero Christofell symbols of the connection, relative to the 
bases we considered above, are: 


r i 2 = r 2 i = 2cot2v, T 2 ! = --sin4v, 


Since they do not depend on t, we have <5V = 0. 

The stretching V may also be calculated from the deformation F(u, v, t) using 
formulas {3.14 ) - (3.16). Indeed, the adjoint of F(u,v,t) can be found using 
the metrics g(u,v) on M and g of R 3 . It has a matrix which is the product 
of the matrix of the inverse of the metric g(u , v) with the transpose of the 
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matrix of F(u, v, t ). Using this we find: 


[F*(u, v, t)] = [g ][F(u,v,t)] 


r 1 

0 ' 

1 

4 - 


—sinu sin2u 

2cos u cos2u 

sin 2 2ti 

0 

t 

cos u sin2u 

0 

2sinu cos2u 

2sin2u 


T 


= t 


—sinu 


cosu 


0 


sin2v sin2v 

cosu cos2v sinu cos2v sin 2v 


and thus the Cauchy - Green tensor field has the matrix 
[C t (u,v)] = [Ff(u,v)F t (u,v)} = t 2 
Then differentiating with respect to t at t = 1 we get: 


1 0 
0 1 


1 

'dC 


'10' 

2 

~dt ' t= \ 


0 1 


( 6 . 12 ) 


(6.13) 


We observe that although [' D] has constant components and [Df has not, 
both are covariantly constant since (Df = [g] [D]. Therefore the motion is 
infinitesimally affine but not infinitesimally isometric. 


Example 17. An infinitesimally affine unrolling of a cylindrical shell. Let 
K t be the circular cylinder defined by its axis (the x-axis) and the circle 
Ct : x = 0, y 2 + (z — t) 2 = t 2 . By an unrolling of the cylinder K\ we mean 
(see figure 2, with x-axis suppressed) that a point P on any circular section of 
the cylinder K\ with a plane parallel to the yz plane, is mapped to the point 
P(t ) on the circidar section by the same plane, of the cylinder K t , such that 
the arcs OP and OP(t ) have the same length. Using the polar angle u as a 
parameter, we have, as in the previous example, the parametrization of Ct: 
c{u) = (0,tsin2'u, isin 2 u). The circular cylinder Kt. has the parametrization 
k(u,v,t) = (v,tsin2u, tsm 2 u). 

The polar angles u of P and u(t ) of P(t) are then related by tuft ) = u. Thus 
we have the following isometric unrolling of the cylinder: 


f(u,v,t) 


, t sin 


2 u 

T’ 


2isin 2 ^ 


t > 1. 


(6.14) 


In order to obtain an infinitesimally affine unrolling we combine the previous 
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Figure 2: Unrolling of a piece of a cylindrical shell 


unrolling with a time dependent elongation along the axis of the cylinder K f 
so we finally have the motion: 


<t>{u,v,t) 


2 u 9 u , 

tv,t sin—, 2fsm — ) , t > 1. 


(6.15) 


The canonical injection of the original cylinder is j(u,v ) = 1). Con¬ 

sidering the partial derivatives of j as the base vectors on the tangent space 
of the cylinder and the usual basis on the ambient space we have the fol¬ 
lowing matrices for the original metric on the surface, the time dependent 
metric and the (0,2) tensor field P 3 ; 


\g{u,v, 1)] 


4 0 
0 1 


[g(u,v,t)] 


~(6g){u, v ) 


0 0 
0 1 


4 0 

0 f 2 ’ 


The tensor field V(u, v ) can be calculated, as in the previous example, by 
using the adjoint of F(u,v,t) whose matrix is 

0 5 cos (p) 2 sin (p)’ 
t 0 0 


[F*(u,v,t)\ = 


and the Cauchy - Green tensor. Both T>(u,v) and T^{u,v) are covariantly 
constant. On the other hand, since the time dependent metric does not 
depend on the position (u, v) but only on the time t, all the Christofell sym¬ 
bols vanish. Therefore the motion (6.15) is infinitesimally affine but not 
infinitesimally isometric. 
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